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ELECTRICAL END LOSSES IN 
AN MHD CHANNEL OF LINEARLY VARIABLE 

CROSS SECTION 

by 

Jerzy R. Moszynski 

ABSTRACT 

The electr ical losses due to end-shorting of elec
trodes in an MHD channel of linearly variable c ross section 
have been calculated, under the assumption of large Reynolds 
number and small magnetic Reynolds number. It is shown 
that a simplified calculation procedure yields exact resul ts 
and, further, that an approximate procedure, based on the 
resul t s for a constant-area channel, provides satisfactory 
accuracy for channels of small included angle and/or re la
tively large aspect ratio, 

I. INTRODUCTION 

In an MHD generator channel of finite aspect ratio (finite ratio of 
length to width), the actual power density is less than the value calculated 
for a channel of infinite aspect ratio. This difference is due to current 
loops at the two ends of the channel. The net effect is one of providing 
between the electrodes a conduction path, which acts as a shunt resis tance 
in paral le l with the load. Thus, for a given load and generated emf, both 
the net load-current and the voltage load-coefficient are reduced. 

The magnitude of the end losses in MHD channels of constant c ross 
section have been calculated for various conditions by Sutton, Hurwitz, 
and Por i t sky , ( l ) Shercliff,(2) Fishman,(3) ^nd others . The cri t ical im
portance of these losses is pointed out in Ref, (1), where it is shown that 
for sufficiently small aspect ra t ios , the operation of an MHD channel 
as a generator may become impossible. 

The problem of end losses in an MHD channel of variable c ross 
section does not appear to have received any attention in the published 
l i t e ra tu re . However, a generator channel of variable c ross section has 
been proposed recently for an MHD cycle, with either a single-phase or 
a two-phase fluid flowing through the channel.(4) 





This report is concerned 
with the problem of calculating the 
end losses in a channel of linearly 
varying cross section, as shown in 
Fig, 1. A single-phase, incompres
sible, conducting fluid flows in the 
x-direction through a duct of constant 
thickness W in the z-direction. The 
power generated is drawn off the 
electrodes, shown shaded. 

The mathematical model of 
Fig. 1, Schematic Diagram of MHD the generator and the general method 

Channel of analysis are outlined first. The 
analysis is then applied to two specific 

cases . Subsequently, an approximate method is developed and is shown to 
yield exact resul t s . Finally, a comparison is made with an ear l ier 
approximation, v'*) 

II. ANALYSIS 

For the purposes of analysis, the following simplifying assumptions 
are made: 

(1) The flow is one-dimensional, and viscous effects are neglected. 
This is apt to be valid for cases in which the Reynolds number UL/v is 
large. Physically, this assumption may be applicable to turbulent flow of 
a liquid metal or, generally, to mode rate-velocity flow of a plasma. The 
fluid is homogeneous and incompressible; this res t r ic t s the validity of the 
analysis to liquid metals or to low Mach-number gas flow. 

(2) The applied magnetic field is steady, uniform, parallel to the 
z-axis , and applied only in the region of the variable cross-sect ional a rea . 
This assumption neglects the usual lateral decay of a magnetic field. It is 
also assumed that the magnetic field induced by the load current can be 
neglected; this implies a low magnetic Reynolds number (MOOUL), which may 
not be applicable in the case of a liquid metal in a relatively large duct. 

(3) The electrodes are perfect conductors, while the channel walls 
both ups t ream and downstream of the electrodes are perfect insulators. 

We write Ohm's law in the form: 

j " = a ( E + U x B ) . (1) 





The induced emf is given by 

Vo = / _ M ' UBody = UhBo, (2) 

where h is the width of the channel at the station considered. The assump
tion of incompressibili ty requires that UhW is constant; thus Uh is 
constant, and VQ is independent of x. 

On load, the voltage between the electrodes is given by 

Vi = TlVo, (3) 

where T] is the voltage load-coefficient. 

As a result of assumption (2), 

bs/bt = 0, 

we may put 

E = -grad 0 

and consider the electrodes to be at potentials <t>Jl, and • 
thus, 

respectively; 

(4) 

For present purposes, we are interested in the total current between 
the electrodes. To this end, we have to integrate J • ifdS over the surface 
S of an electrode. Since U x B has only the component in the y-direction, 
given by Eq. (2), we obtain 

T j - n d S = o w i B o J U ( x ) d x - J ( ^ d ^ - ^ d y ) | . (5) 

Here x, and Xj denote, respectively, the values of the x-coordinate 
at the two ends of the electrode A and C, and the second integral is a line 
integral between A and C (see Fig. 2). 

4 ^ ^TTT 

Fig. 2 

Generator Channel in 
Complex z-plane 





The f irst integral in Eq. (5) may be evaluated directly; that i s , 

n X , 

where 

and 

aWBo I U(x)dx = aWBoUj^L. (6) 
Jx.1 

Uzhj = U(x)h(x) = const 

hjn = ( h , - h i ) / l n ( h 2 / h , ) . 

To evaluate the second integral on the right-hand side of Eq. (5), it 
is necessary to obtain a solution for the potential field 0 between the 
electrodes. To this end, we must consider the geometry of the generator 
in somewhat more detail, part icularly with respect to the region beyond 
the electrodes. With reference to Fig. 2, we need to consider only the 
upper half of the generator , because of symmetry. 

The governing equation of the potential field is obtained by taking 
the divergence of Eq. (1) and is Laplace 's equation, 

V20 = 0. (8) 

Equation (8) is to be solved within the infinite strip shown shaded in Fig. 2, 
and subject to the following boundary conditions: 

y = 0, 0 = 0 (by symmetry); (9a) 

y = h, X < Xl, I 7 = ° (insulated); (9b) 

y = h, Xl < X SX2, 0 = 0 i (prescribed); (9c) 

y = h, X > X2. 1 ^ = ° (insulated), (9d) 

The solution is effected by the method of conformal mapping, where 
by the infinite s t r ip in the z = x + iy plane is eventually mapped into a 
rectangle in the z ' -plane such that along two edges of the rectangle, the 
value of 0 is p resc r ibed (0£ and 0, respectively), while along the remaining 
two edges, the normal gradient of 0 vanishes. In such a t ransformed 
region, the solution for 0 is simply obtained, since if the t ransformed 
region is as in Fig. 3, then 

0 = - 0 ^ (x ' /a) . (10) 
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C ( - o , b ) • 

dij>/dy' ' 0 

a ^ / d y ' = 0 

A ( - 0 , 0 ) 

11 a ( 0 , b) 

if> = 0 

0 (0, 0) 

Fig. 3 

Generator Channel in 
Complex z'-plane 

The transformation is car r ied out in two stages. F i r s t , by con
sidering the infinite strip as a doubly degenerate quadri lateral , we map 
it into the upper half of the w = u + iv plane by means of the Schwarz-
Christoffel transformation: 

+ c fm'i 
a / n 

dw ; i i ) 

The positions of the vert ices of the quadrilateral OACD in the 
w-plane are shown in Fig. 4. Since the constants ZQ and c are arb i t rary , 
we are at l iberty to fix the position of three of the vert ices in the w-plane 
which, in turn, determines the three arbi t rary elements of the two con
stants (zo, modulus of c, and argument of c). In the present case, we 
choose the location of the ver t ices A, O, and D. The location of the 
vertex C in the w-plane must then be determined to facilitate the correc t 
mapping of C into the z-plane. 

Fig. 4 

Generator Channel in 
Complex w-plane 

A ( - 1 , 0 ) 

• 
c ( - 0 (0 , 0) 

The procedure outlined above requires the explicit evaluation of 
the integral in Eq. (11); this does not appear to be possible except for 
selected values of a. Two cases will be considered in detail in Section lU, 
but for the present , it will be assumed that the procedure has been car r ied 
out and the value of p determined. In general , the integrand in Eq. (11) is 
multivalued, and to describe the transformation completely, the branch 
must be specified. Fur ther , one must expect /3 to depend on the half-angle 
a and on the linear dimensions of the generator. Thus ^ = /3(a, L, h,), or 
ra ther , (3 = /3(a, L / h J . Here L/h, plays the role of a modified aspect rat io. 

The second step is the transformation of the upper half of the 
w-plane into the interior of the rectangle shown m Fig, 3. such that the 
four ver t ices in the z '-plane areO(0, 0), A(-a, 0), C(-a, b), andD(0 ,b ) , 
The general form of the required transformation is 
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z' = zi + c' r[w(w+ l)(w + p ) ] ' dw. (12) 

Letting l/i3 = k^, and requiring that the origin of the w-plane be mapped 
into the origin of z ' -p lane , we get 

,• w 
z' = ( c ' / y p ' ) / [w(w+ l)(k\v + l)]" 'dw. 

Considering next the mapping of the vertex A from the w-plane to the 
z' -plane, we get 

z. = i2- [ w ( w + l ) ( k ^ + l ) ] " dw, (13) 
2K f 

where 

*"' 1/2 
K(k) = I [ ( l - x ^ ) ( l - k V ) ] dx 

Jo 

is the complete elliptic integral of the first kind and is tabulated in the 
l i terature.(5 '6) For convenience, a table of values of K is included as 
Appendix B. 

Finally, consideration of the mapping of the ver tex C yields the 
condition that 

b / a = K'/K, (l-^) 

where 

K'(k) = K (.,,'T^i?), 

To complete the solution of our problem, we introduce an electr ical 
s t ream function ip which is defined by 

^ _ _ ^ , ^ = - ^ (15) 
Sx by ' b y bx ' 

With the above substitution, the second integral on the right-hand side of 
Eq. (5) becomes 





12 

r ' ^ l i d x - l ^ d y = [ ^ d^ = HC) - f{A). (16) 
J A ^ "̂  A 

In view of Eqs, (10) and (15), the expression for f in the z '-plane is 
simply 

f = 0 i ( y ' / a ) , (I' ') 

and 

^(C) - ^(A) = 0/,(b/a) = 0£(K'/K). (18) 

Substituting Eqs, (6) and (18) into Eq, (5) and rearranging, we obtain, for 
the total current to the electrode, 

I = aWBoUn,L[ l - (V2) (h^ /L) (K ' /K) ] , (19) 

The electr ical power developed by the generator is given by 

Pel = V^I = aTiU^hi^Bo'WL[l-(V2)(hm/L)(K'/K)]. (20) 

By differentiating Eq. (20) with respect to the loading factor T), we obtain 
for maximum power 

TImaxP = (LAm)(K/K') . (^D 

Fur ther , we may compare the power developed with that developed by an 
idealized generator in which the sole component of the current is in the 
y-direct ion. Such a generator suffers no end losses , and the total power 
developed by it is given by 

Pi = T)'(l-TT)aU^Bo'WLhn,. (2^' 

The loading factors r] and T)', however, are not equal. It is shown in 
Ref. (4) that while the loading factor r)' for the idealized generator is 
given by 

T)' = (Ri/Ro + 1)- ' , ( " ) 

the loading factor r, for a generator with end losses is given by 

n = (1 + Ri/Ro + Ri /Re)" ' . ^^'^^ 

where Rg is the equivalent shunt res is tance of the end loops in paral le l 
with the load. F r o m Kirchoff's Law, we have 

Vo - Ye = (I+Ie)Ri = (V£/Re+I)Ri. 
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and upon rearrangement , 

I = (Vo/Ri)[ l -Tl( l+Ri/Re)]-

It is easy to show that under the assumption of an idealized generator [e.g., 
Ref. (4)], the internal res is tance is given by 

Ri = hm/(aWL). 

Thus, with the aid of Eq. (2), 

I = aUj„BoWL[l -T i ( l+Ri /Re) ] . (25) 

Comparison with Eq. (19) yields 

^ - l ^ i i l 1 (26) 
Re 2 L K 

To evaluate the power loss due to end loops, it is necessary to compare 
(for a given generator and load) the ideal power given by Eq. (22) with the 
actual power given by Eq. (20), with the proviso that 

1/T) = 1/T)' + Ri/Re- (2"̂ ) 

In Ref. (1), the power loss is computed on the assumption of equal 
electrode voltage with and without end losses . This requires that the ex
ternal load res is tance be different in the two cases . 

The preceding analysis can only be car r ied out explicitly for specific 
angles a. For purposes of i l lustration, numerical resul ts will be obtained 
in the next section. Subsequently, we shall demonstrate that an alternate 
method of calculation may be employed to yield exact resul t s . 

III. CALCULATION OF END LOSSES FOR SPECIFIC CASES 

With reference to Eq. (11), the integrand may be t ransformed by the 
substitution: 

(u)Va = (w+l) / (w+(3) . 

After some rear rangement , this yields 

T/^v^i^^A dw _ r ^ r 1 ^ — l l du. (28) 
J U + P / w J a|̂ p(^)V« - 1 1 - (u)V'̂ J 
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For values of a such that Tt is an integral multiple of a, the above integral 
may be evaluated explicitly, although for Tr/a > 8, the calculation may be 
quite laborious. 

To appreciate better the magnitude of the end losses, consider the 
case of a = 45°, which, while unlikely to be of a direct practical interest, 
permits a detailed calculation with a minimum of algebraic complications. 
In this case, we have, from Eq. (11), 

f /w+n '^^ dw fj du du \ 

= Zn + c In + 2 tan"' u 
I 1 - u 

. ^ ( m ' ^ ' " " - ^ - 2 tan-' P'/^uV 
pi/4 V pi/4 ,̂ +1 y. 

(29) 

We are now free to locate the origin of the complex z-plane (see 
Fig. 2), and we choose it to coincide with the point A. Thus the required 
conditions are 

w = - 1, z = 0; 

w = -/3, z = L(l +i); 

w = +CO, z = +ra - i(hi/2); 

W = -OO, z = +00 + i L . 

When w = 0, the value of z depends on the direction from which the origin 
of the w-plane is approached. Thus, approaching along the real axis from 
the negative side (w = 0.), z = -ex,; while approaching along the real axis 
from the positive side (w = 0.,.), z = -oo - i(h,/2). 

Applying the first of the above conditions, we note that when 
w = - 1 , u = 0, and the first, second, and last terms in square brackets in 
Eq. (29) vanish. For small values of u, the phase of the logarithm m the 
third term is TT, SO that 

Zo = -ciTT/P'/^-

Considering next the condition at w = 0_, we find that c must be 
real and positive, and from the condition at w = 0 + , 





15 

c = h,p'/V27T; 

therefore, 

Zo = -ihi/2-

Finally, applying the condition at w = -/3, we find 

P = (2L/hi + l ) ^ (30) 

The remaining calculations indicated in Section II can now be carr ied out. 
The results for I and Pel may be reduced to a single plot shown in Fig. 5. 

"T I I I I ! r" 

I I 1 I—I I I _ 1 I I I 1 — L _ l _ 

"aSPECT RATIO" (L /h^) 

Fig. 5. Dimensionless Current and Power Developed 

As a second i l lustration, consider the case of a = 30°, We 
substitute 

(w+ l)(w+|3) = u'', 

and, after some algebraic operations, obtain 
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1 + u 1 , 1 + u + u^ /—/ 1 2u + 1 1 2u -
z + r -̂ In + — In ; j + -J^ (tan + tan" 
Zn + C'smj _ ^ 2 1 - u + u ' ^ \ / 3 " / J 

O) l / 6 
In O) 1/6.. \ l /6. . - 1 + l i ^ (p )^ /V - ( | 3 ) ' ^ ^ + 1 

(P) ' / 'u + 1 ^ 0 ) ^ ^ V + (3'^'u + 1 

y r f tan"' 2(/3 11/6. 

yr 
u + l , t an- ' ^ ( P ) " ' ' " - ^ )_^ 

Using the same methods as in the preceding examples, we obtain 

Zo = - ih , /2 ; c = hi(l3)'^V27T; ^ = ( 2 L / y 3 h 7 + 1)\ 

The calculated resul ts are also shown in Fig. 5. 

(31) 

In view of the difficulty of evaluating the integral in Eq. (28) for 
small values of a, which are of principal practical interest , we will next 
develop a simplified calculation procedure. 

IV. SIMPLIFIED CALCULATION PROCEDURE 

The difficulty in the exact calculation of the end losses a r i ses out 
of the form of the mapping functions from the z-plane to the w-plane. 
However, by replacing the mathematical model of the MHD channel (Fig. 2) 
with the model shown in Fig. 6, the shaded region is mapped onto the upper 

half of the w-plane by the function 
o 

' z COS aS"/'=^ 
(32) 

with 

P = (L , /L i )Va (33) 

Fig. 6. Simplified Model of MHD Channel 

The transformation to the 
z'-plane and the subsequent cal
culations follow the path outlined 
in Section II. For a given channel 
of specified "aspect ratio" L/h, 
and angle a, the only difference 
in the calculated results obtained 
by the exact method and by the 
simplified procedure, outlined 
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above can be due to a possibly different value of /3, and hence k, obtained 

by the two methods. 

While the geometry of Fig. 6 hardly resembles that of the actual 

channel (Fig- 2), one would expect the approximation to improve as the 

angle a decreases and/or as the "aspect rat io" increases . However, for 

a = 45 and 30°, the values of /3 obtained by the exact analysis [Eqs. (30) 

and (31), respect ively] and given by Eq. (33) are identical.* 

Although a r igorous proof that this must be the case for an a rb i t r a ry 

angle a appears to be difficult, one can argue heurist ically as follows: 

since both Eq. (11) and Eq. (32) map the straight-l ine segment AC into a 

segment of the real axis in the w-plane, and since in both cases the loca

tion of A is the same (w = -1), the location of C must also be the same in 

both cases , and thus the value of |3 calculated by the two methods must be 

the same. 

Fur the r , since all these calculations yield resul ts that a re functions 

of /3 only, we can conclude that the simplified calculation procedure will 

yield exact r e su l t s . F u r t h e r m o r e , this method can be employed without 

difficulty for all values of a. 

V. COMPARISON WITH APPROXIMATE CALCULATION PROCEDURE 

In Ref. (4), the end losses in MHD channels of variable c ross s ec 

tion are computed by assuming an equivalent constant-area channel of 

width equal to the logar i thmic-mean width (hm) of the actual channel, and 

by applying the resul t s of Ref. (1). To test the accuracy of this procedure , 

the resul t s were compared for a = 6, 10, 20, and 30° over a range of aspect 

rat ios . To this end we must compare, for example, the te rm 

i - (hi^/L)(K'/K) 

in Eq. (19) with the corresponding t e rm of the approximate theory: 

hm 2 In 2 
1 +• 

L TT 

Here it is assumed that the approximation suggested by Sutton et al_.( 1) for 

aspect ra t ios L /h j^ in excess of 0.7 is valid. 

In the present theory, the point beyond which an approximation for 

K ' /K may be used is not a function of only the aspect ratio but also of the 

angle a. Thus, in general , for k < 0.1 we may set 

*This result at first appeared so startling that an analog study of the a = 30° configuration was undertaken 
using "Teledeltos" conducting paper. This confirmed the analysis. The study is described briefly in 

Appendix A, 
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i i i , ii£Li- + ± In i ^ . (34) 
K IT ot L l 

The r e s u l t s of t h e s e c a l c u l a t i o n s a r e p r e s e n t e d in Tab le I and in 
F i g . 7. The a g r e e m e n t i s v e r y good, excep t for l a r g e h a l f - a n g l e s a and 
s m a l l a s p e c t r a t i o s . In the l a t t e r c a s e , the e r r o r m a y be due to the u s e 
of Su t ton ' s a p p r o x i m a t i o n . 

Table I 

CALCULATED RESULTS 

- ^ ( oWBoUmL 

Present 
L/hi k K'/K Theory Ref. (4) 

O.I 
0.25 
0 .5 
1.0 
2.0 
3.0 
4 .0 
5.0 

10.0 

0.1 
0 .25 
0.5 
1.0 
2.0 
3.0 
4 .0 
5.0 

10.0 

0.1 
0.25 
0.5 
1.0 
2.0 
3 .0 
4 .0 
5.0 

10.0 

0.694 
0,444 
0 .250 
0.111 
0 .040 

NO 
NC 
NO 
NC 

0.721 
0 .493 
0 .255 
0 .102 
0 .028 
0 .011 

NC 
NC 
N C 

0.729 
0.520 
0 .247 
0 .086 
0 .021 
N C a 
NC 
NC 
N C 

a = 45° 

1.016 
1.364 
1.754 
2 .281 
2.929 
3.360t> 
3.680b 
3.936^ 

4 .759 ' ' 

a = 30° 

0 .983 
1.291 
1,742 
2.334 
3.167 
3.742 
4 .179 ' ' 
4.526t> 
5.714 ' ' 

a = 20° 

0.972 
1.250 
1.762 
2 .443 
3.335 
4 . 1 8 9 ' ' 
4 . 6 8 5 ' ' 
5.1756 
6 .937 ' ' 

5.573 
3.364 
2 .531 
2,076 
1,820 
1,726 
1,674 
1.64 1 
1.563 

5.180 
2.938 
2.196 
1.756 
1.528 
1.444 
1.397 
1.366 
1.304 

4 .923 

2.869 
2.066 
1.626 
1.415 
1.317 
1.250 
1.228 
1.195 

N C * 
NC 
NC 
NC 
NC 
NC 
NC 
NC 
NC 

5.653 
2.889 
2. 118 
1.664 
1.426 
1.34 1 
1,295 
1,266 
1,201 

5,553 

3,022 
2 ,033 
1,586 
1,374 
1,277 
1,235 
1,208 
1.152 
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T a b l e I (Contd. 

L / h i 

0.1 
0 .25 
0 .5 
1.0 
2.0 
3.0 
4.0 
5.0 

10.0 

0 .1 
0 .25 
0 .5 
1.0 
2.0 
3.0 
4.0 
5.0 

10.0 

k 

0 .738 
0 .469 
0 .311 
0 .067 
0.010 

NC 
NC 
NC 
NC 

0 .723 
0 .463 
0 .221 
0 .055 
N C * 
NC 
NC 
NC 
NC 

K ' / K 

a = 10° 

0.960 
1.326 
1.611 
2.594 
3.812 
5 .018 ' ' 
5 .924 ' ' 
6.7O7I2 
9 .535 ' ' 

a = 5° 

0 .968 
1.335 
1.836 
2.729 
4.320I2 
5 . 6 I 5 ' ' 
6 . 9 6 1 ' ' 
8 .084 ' ' 

12 .473 ' ' 

' f ' r, VoWBoU^ 

P r e s e n t 
T h e o r y 

4 .885 
2 .768 
1.749 
1.414 
1.260 
1.226 
1.187 
1.154 
1.113 

4 .883 
2 .731 
1.915 
1.481 
1.260 
1.186 
1.148 
1.125 
1.078 

A 
L 'j 

Ref. (4) 

5.483 
2.839 
1.957 
1.514 
1.291 
1,215 
1.177 
1,152 
1,093 

5,446 
2 ,803 
1.919 
1.478 
1.257 
1.182 
1. 145 
1.123 
1.076 

^Not c a l c u l a t e d . 
' ' C a l c u l a t e d u s i n g E q . (34). 

-1 1 1—I—I I I I I - I 1 r -

Fig. 7 
Comparison of Present 
Theory and Application 
of Ref. (4). 

' f tSPECT Rax ,0- (L / . J 
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VI. CONCLUSIONS 

An exact calculation procedure for the end losses in an MHD channel 
of l inearly variable c ross section has been developed under the assumption 
of one-dimensional fluid flow. A simplified calculation procedure has 
yielded exact r esu l t s , while the approximate method of Ref. (4) has been of 
acceptable accuracy. Since, however, the present procedure is simple to 
use, little is to be gained by the use of the approximate method of Ref. (4). 

To use the present method for a given MHD channel, the following 
steps are necessa ry : 

(1) Compute p from p = ( L j / L ^ V a . 

(2) Compute k from k = \/,J^. 

(3) K k > 0,1, compute K(k) and K' = K ( ^\ - k^) from Appendix B. 
If k < 0,1, compute K'/K from Eq, (34), 

(4) Compute Ri/Rg from Eq. (26). 

(5) Compute T̂  from Eq. (24). 

(6) Compute I and Pgi from Eqs. (19) and (20), respectively. 

/ 





APPENDIX A 

Analog Study of Channel Configuration with a = 30° 

"Teledeltos" conducting paper with specific surface resis tance 
p = 2000n was used in configurations as shown in Fig. A - 1 . 
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Fig. A-1 

Analog Models Used 
to Verify Approximate 
Calculation Procedure 

The electrodes, shown by thick lines, consisted of copper bars 
( l /4- in . square c ross section) pressed firmly to the edge of the paper. 
The la teral extent of the paper was chosen such that further addition pro
duced no noticeable difference in resul t s . In both cases , the dimension L 
was constant at 5.2 in. 

It can easily be shown that the resis tance between the electrodes 
should be given by ( K / K ' ) P . The resul ts of the study are summarized in 
Table A - 1 . It will be noticed that for the same minimum width the r e 
sistances measured for cases (a) and (b) are in agreement well within the 
experimental accuracy. Similarly, the agreement between calculated and 
measured res i s tances is satisfactory. 

Table A- 1 

RESULTS OF ANALOG STUDY 

hi /2 , 
(a) (b) 

R-calc 
ohm 

12.4 

10.0 

8.0 

6.0 

4.0 

2.06 

1.06 

1600 

1450 

1350 

1300 

1150 

900 

700 

1600 

1450 

1400 

1300 

1100 

1000 

700 

0.520 

0.455 

0.383 

0.295 

0.186 

0.0675 

0.0166 

1600 

1490 

1360 

1260 

1020 

770 

570 

This was intended only as a rough check, and no effort was made to 
eliminate the possibly large res is tance between the paper and the electrode 





APPENDIX B 

Complete Elliptic Integrals 
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Note: Values of K for sin" k : 
and 89 to 90° by minutes 

85 to 89° by 0. 1° 

sin ' k 

0° 
I 
2 
3 
4 

5 
6 
7 
8 

9 

10 
11 
12 
13 
14 

15 
16 
17 
18 

19 

20 
21 
22 
23 
24 

25 
26 
27 
28 

29 

K 

1.5708 

1.5709 
1.5713 

1.5719 
1.5727 

1.5738 
1.5751 
1.6767 
1.5785 
1.5805 

1.5828 
1.5854 
1.5882 
1.5913 
1.5946 

1.5981 
1.6020 
1.6061 
1.6105 
1.6151 

1.6200 
1.6252 
1.6307 
1.6365 
1.6426 

1.6490 
1.6557 
1.6627 

1.6701 
1.6777 

sin ' k 

30° 
31 
32 
33 
34 

35 
36 
37 
38 

39 

40 
41 
42 
43 
44 

45 
46 
47 
48 

49 

50 
51 
52 
53 
54 

55 
56 
57 
58 

59 

K 

1.6858 
1.6941 
1.7028 

1.7119 
1.7214 

1.7312 
1.7415 
1.7522 
1.7633 
1.7748 

1.7868 
1.7992 
1.8122 
1.8256 
1.8396 

1.8541 
1.8691 
1.8848 
1.9011 
1.9180 

1.9256 
1.9539 
1.9729 
1.9927 
2.0133 

2.0347 
2.0571 
2.0804 
2.1047 
2.1300 

sin-' k 

60° 
61 
62 
63 
64 

65 
66 
67 
68 

69 

70 
71 
72 
73 
74 

75 

76 
77 
78 
79 

80 
81 
82 
83 
84 

85 

86 
87 
88 
89 

90 

K 

2.1565 
2.1842 
2.2132 
2.2435 
2.2754 

2.3088 

2.3439 
2.3809 
2.4198 
2.4610 

2.5046 

2.5507 
2.5998 
2.6521 
2.7081 

2.7681 

2.8327 
2.9026 
2.9786 
3.0617 

3.1534 

3.2553 
3.3699 
3.5004 
3.6519 

3.8317 

4.0528 
4.3387 
4.7427 
5.4349 

cc 
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s i n " ' k 

85 .0° 

8 5 . 1 
8 5 . 2 
8 5 . 3 
8 5 . 4 

85 .5 

85 .6 
85 .7 

85 .8 

85 .9 

86 .0 

8 6 . 1 
86 .2 

86 .3 
86 .4 

86 .5 
86 .6 
86 .7 
86 .8 

86.9 

87.0 
8 7 . 1 
87 .2 
87 .3 
87 .4 

87.5 

87 .6 
87 .7 
87 .8 

87.9 

88.0 
8 8 . 1 
88 .2 

88 .3 
88 .4 

88 .5 
88 .6 
88 .7 
88 .8 

88.9 

89-0 

K 

3 .832 

3 .852 

3 .872 
3 .893 

3 .914 

3 .936 
3.958 
3 .981 

4 . 0 0 4 
4 .028 

4 .053 
4 .078 
4 . 1 0 4 
4 .130 
4 .157 

4 .185 
4 .214 
4 .244 
4 .274 
4 .306 

4 .339 
4 .372 
4 .407 

4 .444 
4 . 4 8 1 

4 .520 
4 .562 
4 .603 
4 .648 
4 .694 

4 .743 
4 .794 
4 .848 
4 .905 
4 .965 

5.030 

5.099 
5.173 
5.253 
5.340 

5.435 

s i n " 

89° 

89 
89 

89 

89 

89 
89 
89 

89 
89 

89 
89 
89 
89 
89 

89 
89 
89 
89 
89 

89 
89 
89 
89 
89 

89 
89 
89 
89 
89 

89 
89 
89 
89 
89 

89 
89 

89 
89 
89 

90 

• ' k 

0 ' 
2 

4 
6 
8 

10 
12 
14 

16 
18 

20 
22 
24 
26 
28 

30 
32 
34 
36 
38 

40 
41 
42 
43 
44 

45 
46 
47 

48 

49 

50 
51 
52 
53 

54 

55 
56 
57 
58 

59 

0 

K 

5 .435 

5.469 
5 .504 
5.540 
5.578 

5 .617 
5.658 

5.700 
5.745 

5 .791 

5.840 

5 .891 
5.946 
6.003 
6.063 

6.128 
6.197 
6 .271 
6 .351 
6.438 

6.533 
6 .584 

6.639 
6.696 
6.756 

6 .821 
6.890 
6.964 
7.044 

7 .131 

7.226 

7.332 
7.449 
7.583 
7.737 

7.919 
8 .143 
8.430 
8 .836 

9.529 

00 
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